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Htot = HS +HB +Hint

%SB(t) = �i[Htot, %SB(t)]
.

A postulate of quantum mechanics: Closed system evolves unitarily 

What about the system alone?



State of an open system

S
B

%SB

measuring an 
observable on the 

system

%S = TrB [%SB ]

hAi = Tr[A %SB ]

= TrS [TrB [A %SB ]]

= TrS [A %S ]

A is local on the system

Tr[A⌦ I%SB ]

= TrS [TrB [A%SB ]]

reduced density matrix

measuring a local observable: A⌦ I

hAi = Tr[A⌦ I%SB ]

= TrS [A TrB [%SB ] ]

%S

the Born rule

what is the dynamical equation which governs evolution of %S ?



%SB = %S ⌦ %B + �

S

B

%SB 6= %S ⌦ %B

correlation

TrS [�] = TrB [�] = 0



contains all kinds of correlation in the system�

quantum correlations 

free entanglement 

bound entanglement 

quantum discord

classical correlations 

%SB =
P

i pi⇧i ⌦ %i

%SB =
P

i pi⇧i ⌦ ⇧̃i

| SBi = 1p
d

Pd
i=1 |ii0i

Does subsystem dynamics depend on correlations?
to measure a local observable at an instant of time we did not need to know correlation



%S(t) = TrB [U(t)%S ⌦ %BU†(t)]

%SB(0) = %S ⌦ %B

Quantum dynamical map

S B

no initial system-
environment correlation

USB(t)

Htot = HS +HB +Hint

Ai(e,�) =
p
�he|U(t)|�i

E(t, 0)[%S ] =
P

i Ai%SA
†
i

%S E(%S)

completely positive trace 
preserving maps (CPT)
P

i A
†
iAi = I

(E ⌦ In)(%⌦ �) > 0

quantum channel

no initial correlation%SB(0) = %S(0)⌦ %B(0)

%B(0) =
P

i �i|�iih�i|

An(i,j) =
p
�ihej |U(t)|�ii

Quantum channel ⌘ CPT map ⌘ dynamical map

Kraus representation
P

n A
†
nAn = I

subsystem dynamics extracted from unitary evolution 

%S(⌧) = ES(⌧)[%S(0)] =
P

n An(⌧)%S(0)A†
n(⌧)

%S(⌧) = TrB [U(⌧)%S(0)⌦ %B(0)U†(⌧)]

�(0) = 0⌘



semigroup property of the channel & derivation of Markovian master equation 

time homogeneous dynamical semigroup property, i.e, divisibility of dynamical map

ES(⌧1 + ⌧2) = ES(⌧2)ES(⌧1)

inverse maps are not dynamical maps

8⌧1, ⌧2 > 0

ES(⌧) = eLS⌧

d
d⌧ %S(⌧) = LS%S(⌧)

d
d⌧ %S(⌧) = �i

⇥
H

e↵
S , %S(⌧)

⇤
+ ⌧�

P
m �m

�
2Lm%SL

†
m � {L†

mLm, %S}
�

positive, time-independent

is time-independent generatorLS

time-independent

Markovian quantum master equationstarting from Kraus representation

Gorini, Kossakowski, Sudarshan, Lindblad equation

LS%S(⌧) = �i[ eHS , %S(⌧)]+



microscopic derivation of Markovian master equation

in the week coupling regime:

—Markov approximation

—Rotating wave approximation (RWA)

leads to the generator of a dynamical semigroup

(⌧S � ⌧B)
<latexit sha1_base64="ghag+ewgGoVx8XNsgH1k7kkJV5k="></latexit><latexit sha1_base64="ghag+ewgGoVx8XNsgH1k7kkJV5k="></latexit><latexit sha1_base64="ghag+ewgGoVx8XNsgH1k7kkJV5k="></latexit>

%SB(⌧) = %S(⌧)⌦ %B(0)

killing the dependence of time evolution of the state on the state at earlier times 

Redfield equation (time local master equation) with memory effects

d
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LS%S(⌧) = �i[ eHS , %S(⌧)]+

—Born approximation



What if the system runs in a regime beyond Born-Markov and RWA?

Nakajima—Zwanzig projection operator technique  

Inserting (82) in (81) yields

P ρ̃(t) = Pρ(0) +
∫ t

0

dsPV(s)P ρ̃(s) +
∫ t

0

dsPV(s)G(s, 0)Qρ̃(0)

+

∫ t

0

ds

∫ s

0

duPV(s)G(s, u)QV(u)P ρ̃(u). (83)

This is the integrated version of the so-called generalized Nakajima-Zwanzig
equation

d

dt
P ρ̃(t) = PV(t)P ρ̃(t) + PV(t)G(t, 0)Qρ̃(0)

+

∫ t

0

duPV(t)G(t, u)QV(u)P ρ̃(u). (84)

Next, two assumptions are usually made. First one is that PV(t)P = 0,
this means,

PV(t)Pρ = −iTrB[Ṽ (t), ρA ⊗ ρB]⊗ ρB = −i
[

TrB
(

Ṽ (t)ρB
)

, ρA
]

⊗ ρB = 0,

for every ρ and then every ρA, which implies TrB
(

Ṽ (t)ρB
)

= 0. If this is not

fulfilled (which is not the case in the most practical situations), provided that
ρB commutes with HB one can always define a new interaction Hamiltonian
with a shifted origin of the energy for A [10, 34]. The change

V ′ = V − TrB[V ρB]⊗ 1, and H ′
A = HA + TrB[V ρB]⊗ 1, (85)

makes the total Hamiltonian to be the same and

TrB
[

Ṽ ′(t)ρB
]

= TrB
[

ei(H
′
A+HB)tV ′e−i(H′

A+HB)tρB
]

= eiH
′
AtTrB[e

iHBtV e−iHBtρB]e
−iH′

At

− eiH
′
AtTrB[V ρB]e

−iH′
AtTrB[e

iHBtρBe
−iHBt]

= eiH
′
AtTrB[V ρB]e

−iH′
At − eiH

′
AtTrB[V ρB]e

−iH′
At = 0,

as we wished.
The second assumption consists in accepting that initially ρ(0) = ρA(0)⊗

ρB(0), which is the necessary assumption to get a UDM. Of course some
skepticism may arise thinking that if the system B is out of our control, there
is not guaranty that this assumption is fulfilled. Nonetheless the control on
the system A is enough to assure this condition, for that it will be enough to
prepare a pure state in A, for instance by making a projective measurement
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6.1 Nakajima-Zwanzig equation

Let assume that A is our open system while B plays the role of the environ-
ment; the Hamiltonian of the whole system is given by

H = HA +HB + V, (71)

where HA and HB are the Hamiltonians which govern the local dynamics of
A and B respectively, and V stands for the interaction between both systems.

We will follow the approach initroduced by Nakajima [101] and Zwanzig
[102] using projection operators, which is also explained in [3, 20, 21] among
others. In this method we define in the combined Hilbert space “system plus
environment” H = HA ⊗HB, two orthogonal projection operators, P and
Q, P2 = P, Q2 = Q and PQ = QP = 0, given by

Pρ = TrB(ρ)⊗ ρB, (72)

Qρ = (1− P)ρ, (73)

where ρ ∈ H is the whole state of the system and environment and ρB ∈ HB

is a fixed state of the environment. In fact, we choose ρB to be the physical
initial state of the environment. Strictly speaking this is not necessary but
the method becomes much more complicated if one chooses another state.
In addition, we assume that the system B is initially in thermal equilibrium,
this is

ρB = ρth = e−βHB [Tr
(

e−βHB
)

]−1,

where β = 1/T . Note that Pρ give all necessary information about the
reduced system state ρA; so the knowledge of the dynamics of Pρ implies
that one knows the time evolution of the reduced system.

If we start from the von Neumann equation (19) for the whole system

dρ(t)

dt
= −i[HA +HB + V, ρ(t)], (74)

and take projection operators we get

d

dt
Pρ(t) = −iP[HA +HB + V, ρ(t)], (75)

d

dt
Qρ(t) = −iQ[HA +HB + V, ρ(t)]. (76)

As usual in perturbation theory we shall work in interaction picture with
respect to the free Hamiltonians

ρ̃(t) = ei(HA+HB)tρ(t)e−i(HA+HB)t.
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Since

TrB[ρ̃(t)] = TrB
[

ei(HA+HB)tρ(t)e−i(HA+HB)t
]

= eiHAtTrB
[

eiHBtρ(t)e−iHBt
]

eiHAt = eiHAtTrB[ρ(t)]e
iHAt = ρ̃A(t).

the projection operators are preserved under this operation, and equations
(75) and (76) can be written in interaction picture just like

d

dt
P ρ̃(t) = −iP[Ṽ (t), ρ̃(t)], (77)

d

dt
Qρ̃(t) = −iQ[Ṽ (t), ρ̃(t)]. (78)

Let us use the notation V(t)· ≡ −i[Ṽ (t), ·]; then by introducing the iden-
tity 1 = P + Q between V(t) and ρ̃(t) the equations (77) and (78) may be
rewritten as

d

dt
P ρ̃(t) = PV(t)P ρ̃(t) + PV(t)Qρ̃(t), (79)

d

dt
Qρ̃(t) = QV(t)P ρ̃(t) +QV(t)Qρ̃(t). (80)

The formal integration of the first of these equations gives

P ρ̃(t) = Pρ(0) +
∫ t

0

dsPV(s)P ρ̃(s) +
∫ t

0

dsPV(s)Qρ̃(s), (81)

where we have set 0 as the origin of time without losing generality. On the
other hand, the solution of the second equation can be written formally as

Qρ̃(t) = G(t, 0)Qρ̃(0) +
∫ t

0

dsG(t, s)QV(s)P ρ̃(s). (82)

This is nothing but the operational version of variation of parameters formula
for ordinary differential equations (see for example [103, 104]), where the
solution to the homogeneous equation,

d

dt
Qρ̃(t) = QV(t)Qρ̃(t),

is given by the propagator

G(t, s) = T e
∫ t
s
dt′QV(t′).
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Projection operator techniques

Path integral techniques 

Monte Carlo techniques 

etc…



Gorini-Kossakowski-Sudarshan theorem  

Any linear map with Hermiticity and trace preserving properties can be associated to a 
time-local generator as   

d
d⌧ %S(⌧) = �i

⇥
H

e↵
S , %S(⌧)

⇤
+ ⌧�

P
m �m

�
2Lm%SL

†
m � {L†

mLm, %S}
�

LS%S(⌧) = �i[ eHS , %S(⌧)]+

Time-local master equation in the presence of memory effects (without semigroup property)?

— Theorem is just about existence (non-constructive)  

— No clue on how to derive rates and jump operators



dynamics of an open quantum system?

Schrödinger equation: d%S(⌧) = �iTrB [Htot, %SB(⌧)]d⌧

%SB(⌧) = %S(⌧)⌦ %B(⌧) + �(⌧)

A Lindblad-like dynamical equation for general open-system dynamics: Role of correlations
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Here we derive a Lindblad-like dynamical equation for a general quantum system without assuming any
approximation. We explicitly show the dependence of the rates and jump operators on the correlation between
the system and its environment. As a special case, we derive a Markovian equation by assuming that the
accumulated correlation between the system and the environment is periodically reset to zero. In comparison to
the the standard Markovian equation in the Lindblad form, our Markovian equation relies on less assumptions.
We also remark on some thermodynamical implications of our Markovianity condition.

I. INTRODUCTION

A realistic quantum system is unavoidably in interaction with its environment. Here, we focus on how quantum correlations
between a system and its environment dictate the dynamical behavior of the system [1, 2]. Although there is a vast literature
studying the role of different kinds of system-environment correlations in the dynamics of an open system [3], it is not yet clear
how it is possible to formulate a dynamical equation in which correlations can be explicitly incorporated in the generator of
the dynamics. For example, it is sometimes misunderstood that since a quantum system with a Markovian dynamics is “mem-
oryless,” hence this system is uncorrelated with the environment [? ]. Within the standard picture of a Markovian dynamical
equation, the Lindblad equation, it seems rather difficult (if not impossible) to keep track of how system-environment corre-
lations may affect the underlying dynamics. This implies that this well-accepted formalism may be insufficient to encompass
more general dynamical evolutions. In this paper, we lay grounds for derivation of a more general Lindblad-like dynamical
equation in which system-environment correlations are explicit and can be kept track of. Interestingly, this equation is general
and applicable for both Markovian and non-Markovian cases.

II. DERIVATION OF A LINDBLAD-LIKE EQUATION: GENERAL FORM FOR THE CORRELATION MATRIX

Here we discuss whether/how it is possible to derive a Lindblad-like dynamical equation for the evolution of the system state
as a reduced density matrix of the closed system-environment state. We assume that the system and the environment form a
closed quantum system with total Hamiltonian Htot = HS +HB +Hint. Suppose that

Hint =

d
2
SX

i=1

Si ⌦ Bi, (1)

where the operators {Si}
d
2
S�1

i=1 are some given Hermitian traceless operators acting on HS , which (with S0 = 11/
p
dS ) constitute

an orthonormal operator basis for the space of linear operators on HS , in the sense that Tr[SiSj ] = �ij . We assume dS =
dim(HS) and B0 = 0. Defining the correlation operator as [? ]

�(⌧) := %SB(⌧)� %S(⌧)⌦ %B(⌧), (2)

replacing %SB(⌧) in the Schrödinger equation, and tracing out over B, one obtains

d

d⌧
%S(⌧) = �i

h
HS +TrB [Hint%B(⌧)], %S(⌧)

i
� i

X

i

h
Si,TrB [�(⌧)Bi]

i
. (3)

Note that we have assumed throughout this manuscript ~ ⌘ 1. All Latin indices here (and hereafter unless specified explicitly
otherwise) run from 0 to d2

S
� 1.

It is shown that there is always a matrix H�(⌧) (not necessarily Hermitian for an arbitrary dynamics) such that at any instant
of time �(⌧) can be written in terms of %S(⌧)⌦ %B(⌧) as follows (see Appendix A):

�(⌧) = �i⌧�[[H�(⌧), %S(⌧)⌦ %B(⌧)]], (4)

environment-induced correction correlation
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where [[A,B]] = AB �B†A† [4] and ⌧� is a scalar factor chosen such that ⌧�H� is dimensionless and ⌧�kH�k ⇠ k�k [vague].
We call ⌧�(⌧) the correlation time-scale. The reason for such naming is that adding %S(⌧)⌦ %B(⌧) to both hand sides of Eq. (4)
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This means that at any instant of time there is always a similarity transformation mapping the instantaneous product state of the
system and environment to the (generally correlated) state of the total system at the same time. The virtual time needed for such
transformation is ⌧�(⌧).

The condition for Eq. (4) to have a solution for H�(⌧) is that P0(⌧)�(⌧)P0(⌧) = 0, where P0(⌧) is the projector onto the
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If a is a positive-definite matrix (for all ⌧ ), the dynamical equation will reduce to a Markovian master equation.
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where [[A,B]] = AB �B†A† [4] and ⌧� is a scalar factor chosen such that ⌧�H� is dimensionless and ⌧�kH�k ⇠ k�k [vague].
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If a is a positive-definite matrix (for all ⌧ ), the dynamical equation will reduce to a Markovian master equation.
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Here we derive a Lindblad-like dynamical equation for a general quantum system without assuming any
approximation. We explicitly show the dependence of the rates and jump operators on the correlation between
the system and its environment. As a special case, we derive a Markovian equation by assuming that the
accumulated correlation between the system and the environment is periodically reset to zero. In comparison to
the the standard Markovian equation in the Lindblad form, our Markovian equation relies on less assumptions.
We also remark on some thermodynamical implications of our Markovianity condition.

I. INTRODUCTION

A realistic quantum system is unavoidably in interaction with its environment. Here, we focus on how quantum correlations
between a system and its environment dictate the dynamical behavior of the system [1, 2]. Although there is a vast literature
studying the role of different kinds of system-environment correlations in the dynamics of an open system [3], it is not yet clear
how it is possible to formulate a dynamical equation in which correlations can be explicitly incorporated in the generator of
the dynamics. For example, it is sometimes misunderstood that since a quantum system with a Markovian dynamics is “mem-
oryless,” hence this system is uncorrelated with the environment [? ]. Within the standard picture of a Markovian dynamical
equation, the Lindblad equation, it seems rather difficult (if not impossible) to keep track of how system-environment corre-
lations may affect the underlying dynamics. This implies that this well-accepted formalism may be insufficient to encompass
more general dynamical evolutions. In this paper, we lay grounds for derivation of a more general Lindblad-like dynamical
equation in which system-environment correlations are explicit and can be kept track of. Interestingly, this equation is general
and applicable for both Markovian and non-Markovian cases.

II. DERIVATION OF A LINDBLAD-LIKE EQUATION: GENERAL FORM FOR THE CORRELATION MATRIX

Here we discuss whether/how it is possible to derive a Lindblad-like dynamical equation for the evolution of the system state
as a reduced density matrix of the closed system-environment state. We assume that the system and the environment form a
closed quantum system with total Hamiltonian Htot = HS +HB +Hint. Suppose that
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d
2
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where the operators {Si}
d
2
S�1

i=1 are some given Hermitian traceless operators acting on HS , which (with S0 = 11/
p
dS ) constitute

an orthonormal operator basis for the space of linear operators on HS , in the sense that Tr[SiSj ] = �ij . We assume dS =
dim(HS) and B0 = 0. Defining the correlation operator as [? ]

�(⌧) := %SB(⌧)� %S(⌧)⌦ %B(⌧), (2)

replacing %SB(⌧) in the Schrödinger equation, and tracing out over B, one obtains
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i
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Note that we have assumed throughout this manuscript ~ ⌘ 1. All Latin indices here (and hereafter unless specified explicitly
otherwise) run from 0 to d2

S
� 1.

It is shown that there is always a matrix H�(⌧) (not necessarily Hermitian for an arbitrary dynamics) such that at any instant
of time �(⌧) can be written in terms of %S(⌧)⌦ %B(⌧) as follows (see Appendix A):

�(⌧) = �i⌧�[[H�(⌧), %S(⌧)⌦ %B(⌧)]], (4)
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where [[A,B]] = AB �B†A† [4] and ⌧� is a scalar factor chosen such that ⌧�H� is dimensionless and ⌧�kH�k ⇠ k�k [vague].
We call ⌧�(⌧) the correlation time-scale. The reason for such naming is that adding %S(⌧)⌦ %B(⌧) to both hand sides of Eq. (4)
gives
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This means that at any instant of time there is always a similarity transformation mapping the instantaneous product state of the
system and environment to the (generally correlated) state of the total system at the same time. The virtual time needed for such
transformation is ⌧�(⌧).

The condition for Eq. (4) to have a solution for H�(⌧) is that P0(⌧)�(⌧)P0(⌧) = 0, where P0(⌧) is the projector onto the
null-spaces of %S(⌧) ⌦ %B(⌧). It has been proved in Appendix A that this condition is always satisfied. Replacing Eq. (4) into
Eq. (3), using the expansion of H� as
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If a is a positive-definite matrix (for all ⌧ ), the dynamical equation will reduce to a Markovian master equation.
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definition:

Going to appropriate picture:
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FIG. 2. Identical qubits in a common environment.
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Appendix A: Solution of H� in terms of �

Equation (4) can be written as
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which has the general form A†X+X†A = B, where we take X = i⌧�h†
�
(⌧), B = �(⌧), and A = %S(⌧)⌦%B(⌧). From Ref. [8]

and denoting the instantaneous projection operator onto the null-space of %S(⌧) ⌦ %B(⌧) by P0(⌧), if P0(⌧)�(⌧)P0(⌧) = 0,
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in which %�1
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(⌧) are the pseudo-inverses of %S(⌧) and %B(⌧), Y (⌧) is an arbitrary operator, and Z(⌧) is an operator
satisfying %S(⌧)⌦%B(⌧)
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is always satisfied.
Since %SB(⌧) = %S(⌧) ⌦ %B(⌧) + �(⌧) and by definition P0(⌧)%S(⌧) ⌦ %B(⌧)P0(⌧) = 0, to prove P0(⌧)�(⌧)P0(⌧) = 0
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from which the partial states of the system and environment are obtained as
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pseudo inverse
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where [[A,B]] = AB �B†A† [4] and ⌧� is a scalar factor chosen such that ⌧�H� is dimensionless and ⌧�kH�k ⇠ k�k [vague].
We call ⌧�(⌧) the correlation time-scale. The reason for such naming is that adding %S(⌧)⌦ %B(⌧) to both hand sides of Eq. (4)
gives

%SB(⌧) = %S(⌧)⌦ %B(⌧)� i⌧�[[H�(⌧), %S(⌧)⌦ %B(⌧)]] ⇡ e�i⌧�(⌧)H�(⌧)%S(⌧)⌦ %B(⌧)e
i⌧�(⌧)H

†
�(⌧) +O(⌧2

�
). (5)

This means that at any instant of time there is always a similarity transformation mapping the instantaneous product state of the
system and environment to the (generally correlated) state of the total system at the same time. The virtual time needed for such
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If a is a positive-definite matrix (for all ⌧ ), the dynamical equation will reduce to a Markovian master equation.
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Here we derive a Lindblad-like dynamical equation for a general quantum system without assuming any
approximation. We explicitly show the dependence of the rates and jump operators on the correlation between
the system and its environment. As a special case, we derive a Markovian equation by assuming that the
accumulated correlation between the system and the environment is periodically reset to zero. In comparison to
the the standard Markovian equation in the Lindblad form, our Markovian equation relies on less assumptions.
We also remark on some thermodynamical implications of our Markovianity condition.

I. INTRODUCTION

A realistic quantum system is unavoidably in interaction with its environment. Here, we focus on how quantum correlations
between a system and its environment dictate the dynamical behavior of the system [1, 2]. Although there is a vast literature
studying the role of different kinds of system-environment correlations in the dynamics of an open system [3], it is not yet clear
how it is possible to formulate a dynamical equation in which correlations can be explicitly incorporated in the generator of
the dynamics. For example, it is sometimes misunderstood that since a quantum system with a Markovian dynamics is “mem-
oryless,” hence this system is uncorrelated with the environment [? ]. Within the standard picture of a Markovian dynamical
equation, the Lindblad equation, it seems rather difficult (if not impossible) to keep track of how system-environment corre-
lations may affect the underlying dynamics. This implies that this well-accepted formalism may be insufficient to encompass
more general dynamical evolutions. In this paper, we lay grounds for derivation of a more general Lindblad-like dynamical
equation in which system-environment correlations are explicit and can be kept track of. Interestingly, this equation is general
and applicable for both Markovian and non-Markovian cases.

II. DERIVATION OF A LINDBLAD-LIKE EQUATION: GENERAL FORM FOR THE CORRELATION MATRIX

Here we discuss whether/how it is possible to derive a Lindblad-like dynamical equation for the evolution of the system state
as a reduced density matrix of the closed system-environment state. We assume that the system and the environment form a
closed quantum system with total Hamiltonian Htot = HS +HB +Hint. Suppose that

Hint =

d
2
SX

i=1

Si ⌦ Bi, (1)

where the operators {Si}
d
2
S�1

i=1 are some given Hermitian traceless operators acting on HS , which (with S0 = 11/
p
dS ) constitute

an orthonormal operator basis for the space of linear operators on HS , in the sense that Tr[SiSj ] = �ij . We assume dS =
dim(HS) and B0 = 0. Defining the correlation operator as [? ]

�(⌧) := %SB(⌧)� %S(⌧)⌦ %B(⌧), (2)

replacing %SB(⌧) in the Schrödinger equation, and tracing out over B, one obtains
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Note that we have assumed throughout this manuscript ~ ⌘ 1. All Latin indices here (and hereafter unless specified explicitly
otherwise) run from 0 to d2

S
� 1.

It is shown that there is always a matrix H�(⌧) (not necessarily Hermitian for an arbitrary dynamics) such that at any instant
of time �(⌧) can be written in terms of %S(⌧)⌦ %B(⌧) as follows (see Appendix A):

�(⌧) = �i⌧�[[H�(⌧), %S(⌧)⌦ %B(⌧)]], (4)
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FIG. 2. Identical qubits in a common environment.
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Appendix A: Solution of H� in terms of �

Equation (4) can be written as
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which has the general form A†X+X†A = B, where we take X = i⌧�H†
�
(⌧), B = �(⌧), and A = %S(⌧)⌦%B(⌧). From Ref. [8]

and denoting the instantaneous projection operator onto the null-space of %S(⌧) ⌦ %B(⌧) by P0(⌧), if P0(⌧)�(⌧)P0(⌧) = 0,
then the solution to this equation reads as
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in which %�1
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(⌧) are the pseudo-inverses of %S(⌧) and %B(⌧), Y (⌧) is an arbitrary operator, and Z(⌧) is an operator
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from which the partial states of the system and environment are obtained as
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Here we derive a Lindblad-like dynamical equation for a general quantum system without assuming any
approximation. We explicitly show the dependence of the rates and jump operators on the correlation between
the system and its environment. As a special case, we derive a Markovian equation by assuming that the
accumulated correlation between the system and the environment is periodically reset to zero. In comparison to
the the standard Markovian equation in the Lindblad form, our Markovian equation relies on less assumptions.
We also remark on some thermodynamical implications of our Markovianity condition.

I. INTRODUCTION

A realistic quantum system is unavoidably in interaction with its environment. Here, we focus on how quantum correlations
between a system and its environment dictate the dynamical behavior of the system [1, 2]. Although there is a vast literature
studying the role of different kinds of system-environment correlations in the dynamics of an open system [3], it is not yet clear
how it is possible to formulate a dynamical equation in which correlations can be explicitly incorporated in the generator of
the dynamics. For example, it is sometimes misunderstood that since a quantum system with a Markovian dynamics is “mem-
oryless,” hence this system is uncorrelated with the environment [? ]. Within the standard picture of a Markovian dynamical
equation, the Lindblad equation, it seems rather difficult (if not impossible) to keep track of how system-environment corre-
lations may affect the underlying dynamics. This implies that this well-accepted formalism may be insufficient to encompass
more general dynamical evolutions. In this paper, we lay grounds for derivation of a more general Lindblad-like dynamical
equation in which system-environment correlations are explicit and can be kept track of. Interestingly, this equation is general
and applicable for both Markovian and non-Markovian cases.

II. DERIVATION OF A LINDBLAD-LIKE EQUATION: GENERAL FORM FOR THE CORRELATION MATRIX

Here we discuss whether/how it is possible to derive a Lindblad-like dynamical equation for the evolution of the system state
as a reduced density matrix of the closed system-environment state. We assume that the system and the environment form a
closed quantum system with total Hamiltonian Htot = HS +HB +Hint. Suppose that

Hint =

d
2
SX

i=1

Si ⌦ Bi, (1)

where the operators {Si}
d
2
S�1

i=1 are some given Hermitian traceless operators acting on HS , which (with S0 = 11/
p
dS ) constitute

an orthonormal operator basis for the space of linear operators on HS , in the sense that Tr[SiSj ] = �ij . We assume dS =
dim(HS) and B0 = 0. Defining the correlation operator as [? ]

�(⌧) := %SB(⌧)� %S(⌧)⌦ %B(⌧), (2)

replacing %SB(⌧) in the Schrödinger equation, and tracing out over B, one obtains
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h
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. (3)

Note that we have assumed throughout this manuscript ~ ⌘ 1. All Latin indices here (and hereafter unless specified explicitly
otherwise) run from 0 to d2

S
� 1.

It is shown that there is always a matrix H�(⌧) (not necessarily Hermitian for an arbitrary dynamics) such that at any instant
of time �(⌧) can be written in terms of %S(⌧)⌦ %B(⌧) as follows (see Appendix A):

�(⌧) = �i⌧�[[H�(⌧), %S(⌧)⌦ %B(⌧)]], (4)
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Here we derive a Lindblad-like dynamical equation for a general quantum system without assuming any
approximation. We explicitly show the dependence of the rates and jump operators on the correlation between
the system and its environment. As a special case, we derive a Markovian equation by assuming that the
accumulated correlation between the system and the environment is periodically reset to zero. In comparison to
the the standard Markovian equation in the Lindblad form, our Markovian equation relies on less assumptions.
We also remark on some thermodynamical implications of our Markovianity condition.

I. INTRODUCTION

A realistic quantum system is unavoidably in interaction with its environment. Here, we focus on how quantum correlations
between a system and its environment dictate the dynamical behavior of the system [1, 2]. Although there is a vast literature
studying the role of different kinds of system-environment correlations in the dynamics of an open system [3], it is not yet clear
how it is possible to formulate a dynamical equation in which correlations can be explicitly incorporated in the generator of
the dynamics. For example, it is sometimes misunderstood that since a quantum system with a Markovian dynamics is “mem-
oryless,” hence this system is uncorrelated with the environment [? ]. Within the standard picture of a Markovian dynamical
equation, the Lindblad equation, it seems rather difficult (if not impossible) to keep track of how system-environment corre-
lations may affect the underlying dynamics. This implies that this well-accepted formalism may be insufficient to encompass
more general dynamical evolutions. In this paper, we lay grounds for derivation of a more general Lindblad-like dynamical
equation in which system-environment correlations are explicit and can be kept track of. Interestingly, this equation is general
and applicable for both Markovian and non-Markovian cases.

II. DERIVATION OF A LINDBLAD-LIKE EQUATION: GENERAL FORM FOR THE CORRELATION MATRIX

Here we discuss whether/how it is possible to derive a Lindblad-like dynamical equation for the evolution of the system state
as a reduced density matrix of the closed system-environment state. We assume that the system and the environment form a
closed quantum system with total Hamiltonian Htot = HS +HB +Hint. Suppose that
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It is shown that there is always a matrix H�(⌧) (not necessarily Hermitian for an arbitrary dynamics) such that at any instant
of time �(⌧) can be written in terms of %S(⌧)⌦ %B(⌧) as follows (see Appendix A):

�(⌧) = �i⌧�[[H�(⌧), %S(⌧)⌦ %B(⌧)]], (4)
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where [[A,B]] = AB �B†A† [4] and ⌧� is a scalar factor chosen such that ⌧�H� is dimensionless and ⌧�kH�k ⇠ k�k [vague].
We call ⌧�(⌧) the correlation time-scale. The reason for such naming is that adding %S(⌧)⌦ %B(⌧) to both hand sides of Eq. (4)
gives
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This means that at any instant of time there is always a similarity transformation mapping the instantaneous product state of the
system and environment to the (generally correlated) state of the total system at the same time. The virtual time needed for such
transformation is ⌧�(⌧).

The condition for Eq. (4) to have a solution for H�(⌧) is that P0(⌧)�(⌧)P0(⌧) = 0, where P0(⌧) is the projector onto the
null-spaces of %S(⌧) ⌦ %B(⌧). It has been proved in Appendix A that this condition is always satisfied. Replacing Eq. (4) into
Eq. (3), using the expansion of H� as

H�(⌧) =
X

j

Sj ⌦ B�

j
(⌧), (6)

leads to

d

d⌧
%S(⌧) = �i

h
HS +TrB [Hint %B(⌧)], %S(⌧)

i
� ⌧�

X

i

h
Si,TrB

⇥ �
H�(⌧)%S(⌧)⌦ %B(⌧)� %S(⌧)⌦ %B(⌧)H

†
�
(⌧)

�
Bi

⇤i
,

= �i
h
HS +TrB [Hint %B(⌧)], %S(⌧)

i
� ⌧�

X

ij

h
Si,Sj%S TrB

⇥
B�

j
(⌧)%B(⌧)Bi

⇤
� %SSj TrB

⇥
%BB�

j

†Bi

⇤i
,

= �i
h
HS +TrB [Hint %B(⌧)], %S(⌧)

i
� ⌧�

X

ij

h
Si, cijSj%S � c⇤

ij
%SSj

i
,

= �i
h
HS +TrB [Hint %B(⌧)], %S(⌧)

i
+ ⌧�

X

ij

cij(Sj%SSi � SiSj%S) + ⌧�
X

ij

c⇤
ij
(Si%SSj � %SSjSi), (7)

where

cij(⌧) = Tr[%B(⌧)BiB�

j
(⌧)]. (8)

Defining the Hermitian matrices

a(⌧) :=
�
c(⌧) + c†(⌧)

�
/2, (9)

b(⌧) :=
�
c(⌧)� c†(⌧)

�
/2i (10)

and replacing this into Eq. (7) lead to

d

d⌧
%S(⌧) = �i

h
HS +TrB [Hint %B(⌧)] + ⌧�

X

ij

bij(⌧)SiSj , %S(⌧), %S(⌧)
i
+ ⌧�

X

ij

aij(⌧)
⇣
2Sj%SSi � {SiSj , %S}

⌘
. (11)

If a is a positive-definite matrix (for all ⌧ ), the dynamical equation will reduce to a Markovian master equation.

A. Rewriting the Lindblad-like dynamical equation explicitly in terms of the correlation matrix

Since bij = (cij � c⇤
ji
)/2i = Tr

⇥
%B(t)

�
BiB�

j
(t)�B�†

i
(t)Bj

�⇤
/2i, it can be seen that the Lamb-shift like term (second term

in the commutator of Eq. (11)) can be obtained in terms of the � matrix as
X

ij

bijSiSj =
X

ij

1

2i
Tr

⇥
%B(t)

�
BiB�

j
(t)� B�†

i
(t)Bj

�⇤
SiSj

=
1

2i
TrB

⇥
%B(t)

�X

i

SiBi

X

j

SjB�

j
(t)�

X

i

SiB�†
i

(t)
X

j

SjBj

�⇤

=
1

2i
TrB

⇥
%B(t)

�
HintH�(t)�H†

�
Hint

�⇤

=
1

2i
TrB

⇥
%B(t)[[Hint, H�(t)]]

⇤
. (12)

A Lindblad-like dynamical equation for general open-system dynamics: Role of correlations

S. Alipour,1 S. J. Kazemi,2 K. Mølmer,3 and A. T. Rezakhani4
1
School of Nano Science, Institute for Research in Fundamental Sciences, Tehran 19538, Iran

2
Department of Physics, Shahid Beheshti University, Tehran, Iran

3
Department of Physics and Astronomy, Aarhus University, Ny Munkegade 120, DK-8000 Aarhus C, Denmark

4
Department of Physics, Sharif University of Technology, Tehran 14588, Iran

(Dated: May 10, 2018)

Here we derive a Lindblad-like dynamical equation for a general quantum system without assuming any
approximation. We explicitly show the dependence of the rates and jump operators on the correlation between
the system and its environment. As a special case, we derive a Markovian equation by assuming that the
accumulated correlation between the system and the environment is periodically reset to zero. In comparison to
the the standard Markovian equation in the Lindblad form, our Markovian equation relies on less assumptions.
We also remark on some thermodynamical implications of our Markovianity condition.

I. INTRODUCTION

A realistic quantum system is unavoidably in interaction with its environment. Here, we focus on how quantum correlations
between a system and its environment dictate the dynamical behavior of the system [1, 2]. Although there is a vast literature
studying the role of different kinds of system-environment correlations in the dynamics of an open system [3], it is not yet clear
how it is possible to formulate a dynamical equation in which correlations can be explicitly incorporated in the generator of
the dynamics. For example, it is sometimes misunderstood that since a quantum system with a Markovian dynamics is “mem-
oryless,” hence this system is uncorrelated with the environment [? ]. Within the standard picture of a Markovian dynamical
equation, the Lindblad equation, it seems rather difficult (if not impossible) to keep track of how system-environment corre-
lations may affect the underlying dynamics. This implies that this well-accepted formalism may be insufficient to encompass
more general dynamical evolutions. In this paper, we lay grounds for derivation of a more general Lindblad-like dynamical
equation in which system-environment correlations are explicit and can be kept track of. Interestingly, this equation is general
and applicable for both Markovian and non-Markovian cases.
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This means that at any instant of time there is always a similarity transformation mapping the instantaneous product state of the
system and environment to the (generally correlated) state of the total system at the same time. The virtual time needed for such
transformation is ⌧�(⌧).

The condition for Eq. (4) to have a solution for H�(⌧) is that P0(⌧)�(⌧)P0(⌧) = 0, where P0(⌧) is the projector onto the
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If a is a positive-definite matrix (for all ⌧ ), the dynamical equation will reduce to a Markovian master equation.
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example: Jaynes-Cummings model with initial system-bath correlation

correlated initial state



Reduction to Markovian master equation

Expanding around a zero-correlation point up to the first order�(⌧)
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Equation (23) up to the second order is equivalent to
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which is a positive matrix, hence, a is positive and b = 0. The Markovian master equation is obtained as
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Remark 3 If [[Hint, H�]] = 0, it is obtained from Eq. (4) that Tr[�(⌧)Hint] = 0, which has a thermodynamical implication.

This means that, in this case, the total internal energy of the composite system becomes additive, and that the amount of heat

transferred from/to the system to/from the bath is equivalent to the heat transferred from/to the bath to/from the system [7].

A. Expansion of � up to the second order in time

Expanding � up to second order in time and neglecting the second order terms in interaction in that expansion (see details in
Appendix B), one obtains H� as
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+O(�⌧3) (29)

Replacing this H� into Eq. (16) one obtains the dynamical equation of system up to the order O(H3
int).
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Remark 3 If [[Hint, H�]] = 0, it is obtained from Eq. (4) that Tr[�(⌧)Hint] = 0, which has a thermodynamical implication.

This means that, in this case, the total internal energy of the composite system becomes additive, and that the amount of heat

transferred from/to the system to/from the bath is equivalent to the heat transferred from/to the bath to/from the system [7].

A. Expansion of � up to the second order in time

Expanding � up to second order in time and neglecting the second order terms in interaction in that expansion (see details in
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Replacing this H� into Eq. (16) one obtains the dynamical equation of system up to the order O(H3
int).
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where [[A,B]] = AB �B†A† [4] and ⌧� is a scalar factor chosen such that ⌧�H� is dimensionless and ⌧�kH�k ⇠ k�k [vague].
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This means that at any instant of time there is always a similarity transformation mapping the instantaneous product state of the
system and environment to the (generally correlated) state of the total system at the same time. The virtual time needed for such
transformation is ⌧�(⌧).
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null-spaces of %S(⌧) ⌦ %B(⌧). It has been proved in Appendix A that this condition is always satisfied. Replacing Eq. (4) into
Eq. (3), using the expansion of H� as

H�(⌧) =
X

j

Sj ⌦ B�

j
(⌧), (6)

leads to

d

d⌧
%S(⌧) = �i

h
HS +TrB [Hint %B(⌧)], %S(⌧)

i
� ⌧�

X

i

h
Si,TrB

⇥ �
H�(⌧)%S(⌧)⌦ %B(⌧)� %S(⌧)⌦ %B(⌧)H

†
�
(⌧)

�
Bi

⇤i
,

= �i
h
HS +TrB [Hint %B(⌧)], %S(⌧)

i
� ⌧�

X

ij

h
Si,Sj%S TrB

⇥
B�

j
(⌧)%B(⌧)Bi

⇤
� %SSj TrB

⇥
%BB�

j

†Bi

⇤i
,

= �i
h
HS +TrB [Hint %B(⌧)], %S(⌧)

i
� ⌧�

X

ij

h
Si, cijSj%S � c⇤

ij
%SSj

i
,

= �i
h
HS +TrB [Hint %B(⌧)], %S(⌧)

i
+ ⌧�

X

ij

cij(Sj%SSi � SiSj%S) + ⌧�
X

ij

c⇤
ij
(Si%SSj � %SSjSi), (7)

where

cij(⌧) = Tr[%B(⌧)BiB�

j
(⌧)]. (8)

Defining the Hermitian matrices

a(⌧) :=
�
c(⌧) + c†(⌧)

�
/2, (9)

b(⌧) :=
�
c(⌧)� c†(⌧)

�
/2i (10)

and replacing this into Eq. (7) lead to

d

d⌧
%S(⌧) = �i

h
HS +TrB [Hint %B(⌧)] + ⌧�

X

ij

bij(⌧)SiSj , %S(⌧), %S(⌧)
i
+ ⌧�

X

ij

aij(⌧)
⇣
2Sj%SSi � {SiSj , %S}

⌘
. (11)

If a is a positive-definite matrix (for all ⌧ ), the dynamical equation will reduce to a Markovian master equation.
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If a is a positive-definite matrix (for all ⌧ ), the dynamical equation will reduce to a Markovian master equation.
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If we choose ⌧0 such that �(⌧0) = 0, it can be written from Eq. (3) that
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Equation (23) up to the second order is equivalent to
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cij = (�⌧/⌧�)(hBiBjiB � hBiiBhBjiB) ⌘ (�⌧/⌧�)Cov(Bi,Bj), (27)

which is a positive matrix, hence, a is positive and b = 0. The Markovian master equation is obtained as
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Remark 3 If [[Hint, H�]] = 0, it is obtained from Eq. (4) that Tr[�(⌧)Hint] = 0, which has a thermodynamical implication.

This means that, in this case, the total internal energy of the composite system becomes additive, and that the amount of heat

transferred from/to the system to/from the bath is equivalent to the heat transferred from/to the bath to/from the system [7].

A. Expansion of � up to the second order in time

Expanding � up to second order in time and neglecting the second order terms in interaction in that expansion (see details in
Appendix B), one obtains H� as
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Replacing this H� into Eq. (16) one obtains the dynamical equation of system up to the order O(H3
int).
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example: Atom in a bosonic bath
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Summary

• I claimed that any general open system dynamics can be written in the form of Lindblad equation 

• I indirectly justified existence of such equation, based on a Gorini, Kossakowski, Sudarshan theorem 

• I then constructively derived this equation and obtained rate and jump operators explicitly 

• Markovianity condition for the dynamics obtained simply by expansion of correlation 


